We review old and new results on the Fröhlich polaron model. The discussion includes the validity of the (classical) Pekar approximation in the strong coupling limit, quantum corrections to this limit, as well as the divergence of the effective polaron mass.
Introduction
1.1. The Fröhlich Polaron Model. The physical system under consideration consists of a charged particle (e.g., an electron) interacting with the (quantized) phonons of a polar crystal [2] . As the electron moves trough the medium, it induces a polarization field proportional to the electric field it creates. This polarization field, in turn, exerts a force on the electron.
We consider in the following the case of a large polaron, where the de Broglie wave length of the electron is much larger than the lattice spacing in the medium, and hence the latter can be approximated by a continuum. The relevant mathematical model in this case is the Fröhlich Hamiltonian [14] . In order to describe it, recall the definition of the bosonic Fock space
where ⊗ n sym L 2 (R 3 ) consists of permutation-symmetric functions in ⊗ n L 2 (R 3 ). All relevant operators on F can be expressed in terms of the creation and annihilation operators, defined as follows. For ϕ ∈ H 1 = L 2 (R 3 ), a(ϕ) : H n → H n−1 with [a(ϕ)Ψ n ] (x 1 , . . . , x n−1 ) = √ n R 3
ϕ(x n )Ψ(x 1 , . . . , x n )dx n .
Its adjoint a † (ϕ) : H n−1 → H n is given by a † (ϕ)Ψ n−1 (x 1 , . . . , x n ) = 1 √ n n j=1 ϕ(x j )Ψ(x 1 , . . . , x j , . . . , x n ) . Here a † k is really the Fourier transform of a † x , but we shall sometimes use this sloppy notation when no confusion can arise.
The number operator on F is simply given by NΨ n = nΨ n for Ψ n ∈ H n . For an orthonormal bases {ϕ j } of H 1 , one can equivalently write
(1.7)
We consider here the Fröhlich model [14] for one charged particle. The relevant Hilbert space in this case is L 2 (R 3 ) ⊗ F , and the Hamiltonian reads
with α > 0 the coupling strength. The first term, −∆ (with ∆ = ∇ 2 the Laplacian on R 3 ), corresponds to the electron kinetic energy, and acts non-trivially only on the electron Hilbert space L 2 (R 3 ), i.e., it has to be understood as −∆ ⊗ 1 F . The last term is the field energy, which is simply the number operator and corresponds to the energy of a system of uncoupled harmonic oscillators, and likewise has to be understood as 1 L 2 (R 3 ) ⊗ N. The interaction term couples the two systems; it is an operator on F indexed by x, which is understood as a multiplication operator on the electron Hilbert space L 2 (R 3 ). For any fixed x, the interaction term in (1.8) is of the form − a(v x ) − a † (v x ) (1.9) wherev x (k) = α/(2π 2 )|k| −1 e −ik·x , i.e., v x (y) = α/π 3 |x − y| −2 . This function is not in L 2 (R 3 ) unless one introduces an ultraviolet cutoff, i.e., restricts the integration to |k| < Λ for some Λ > 0. Due to the presence of −∆, a cutoff Λ is not necessary, however. One can define H α as a quadratic form, and show that the latter is closed and bounded from below (see Subsect. 1.3), which thus defines naturally H α as the corresponding operator. Its operator domain is complicated, however, and does not contain any finite-phonon vectors, for instance [17] . In particular, H α is not defined on the domain of H 0 = −∆ + N. The domain of H α can be identified via a Gross transformation (explained in Subsect. 1.4 below). We note that similar models of the kind above, i.e., Hamiltonians of the form
for different functions v and ω appear in many places in physics, and are used as toy models of quantum field theory. Examples include, e.g.,
• the Nelson model of quantum electrodynamics, where v(k) ∝ |k| −1/2 and ω(k) ∝ |k| or, more generally, √ k 2 + m 2 for m ≥ 0 [33] . • spin-boson models, where L 2 (R 3 ) for the particle is replaced by C N , and the coupling e −ik·x by some function R 3 → M N , the complex-valued N × N matrices (see, e.g., [20] ). • the angulon model, where L 2 (R 3 ) for the particle is replaced by L 2 (S 2 ), and e −ik·x by the spherical harmonics Y ℓ,m (Ω) [38] .
Strong Coupling and Classical Approximation.
We shall now explain how the case of strong coupling α ≫ 1 in (1.8) leads to a classical approximation of the Fröhlich polaron model. More precisely, only the field variables are treated classically, the electron is still quantum. In this classical approximation, the problem of the ground state (and corresponding ground state energy) can be solved exactly.
In order to see the emergence of a classical limit, we change variables in the form
A simple calculation shows that in the new variables, H α is of the form α 2 h α , i.e.,
This looks simply like the original Fröhlich Hamiltonian (1.8) for α = 1. Note, however, that the CCR for the transformed creation and annihilation operators are now
That is, the α-dependence is in the CCR. In particular, α −2 plays the role of an effective Planck constant, and hence α → ∞ corresponds to a classical limit in which the field operators commute. The classical approximation thus amounts to replacing a k by a complex-valued function z k , and likewise a † k by its complex conjugate z * k . We write z k as a Fourier transform (1.14) where ϕ and π are real-valued. After this replacement, and taking the expectation in an electron wave functions ψ ∈ L 2 (R 3 ), we obtain the Pekar energy functional [34] E(ψ, ϕ, π)
(1.15) Minimizing (1.15) with respect to ϕ and π for fixed ψ leads to the choice
and as energy the corresponding functional (also called the Pekar functional)
where we used that
(1.18)
The interaction with the polarization field thus leads to an effective Coulomb selfinteraction of the electron. Concerning the minimization with respect to ψ, the following Theorem holds.
Theorem 1.1 (Lieb 1977 [25] ). There exists a minimizer of E Pek (subject to ψ 2 = 1), and it is unique up to translations and multiplication by a phase. That is, every minimizer is of the form
In particular, the classical approximation leads to self-trapping of the electron due to its interaction with the polarization field, i.e., the existence of a minimizer despite the translation-invariance of the system. In contract, in the quantum case, i.e., the full Fröhlich Hamiltonian (1.8), self-trapping is not expected to occur and and ground states do not exist [15, 6] .
We note that the uniqueness part of Theorem 1.1 is far from obvious, due to the lack of convexity, and the proof in [25] (see also [41] ) is very specific to the Coulomb interaction. A corresponding result for general interaction potentials is not known, except for small perturbations of either the potential [37] or the nonlinearity [43] .
1.3. Stability. In this section we show that the Fröhlich Hamiltonian H α in (1.8) is (in the sense of quadratic forms) bounded from below, following the argument by Lieb and Yamazaki in [29] .
For K > 0, write
where p = −i∇ denotes the electron momentum operator. With the aid of the Cauchy-Schwarz inequality, we can thus bound
for any ε > 0, whereχ j x (k) = k j |k| −3 e −ik·x χ |k|>K . Using the CCR and the fact that the functionsχ j
x are orthogonal and have the same norm, we can further bound this as
we can choose ε = 8π √ α(2π 2 ) −1/2 (3K) −1 and obtain
for any K > 0. In particular, by choosing K = 8α/(3π), we obtain
To arrive at this last bound, we have used that
for any g ∈ H 1 , and applied it to g(k) = − α/(2π 2 )|k| −1 e −ik·x χ |k|<K . The bound (1.25) shows, in particular, that H α is bounded from below, and its ground state energy decreases at most like −O(α 2 ) for large α.
We remark that the above bounds can be easily generalized to show that (1+ε)H 0 + C ε ≥ H α ≥ (1−ε)H 0 −C ε for any ε > 0 and a suitable (α-dependent) constant C ε > 0. In particular, the form domains of H α and H 0 coincide.
Gross Transformation.
Another way to see that H α is bounded from below, which in addition identifies also the operator domain of H α , is to apply a Gross transformation [18, 33] . We write again
and consider a unitary transformation of the form
and
where p = −i∇ x is the electron momentum operator, and pf x stands for (−i) times the gradient of f x with respect to x. This leads to
for some K ≥ 0. By choosing K appropriately, one can conclude (we refer to [17] for details) that
for any ε > 0 and a suitable (α-dependent) constant C ε . In particular, with K chosen large enough such that the corresponding ε < 1, the operator domain of UH α U † equals the one of H 0 . 
Let e α denote the ground state energy of H α , rescaled by a factor α −2 for simplicity:
It is easy to see that e α ≤ e Pek for any α > 0. To obtain this upper bound, one chooses a trial state of the product form ψ ⊗ Φ for ψ ∈ L 2 (R 3 ), Φ ∈ F to get
For any fixed ψ, the optimal choice of Φ is a coherent state,
where g = dx |ψ(x)| 2 v x and |0 denotes the Fock space vacuum. This choice of Φ yields the upper bound
By scaling, the infimum over ψ of the right hand side equals α 2 e Pek .
The following quantitative lower bound was proved by Lieb and Thomas in [28] .
Theorem 1.2 (Lieb and Thomas 1997 [28] ). As α → ∞,
In particular, in combination with the upper bound derived above, we have lim α→∞ e α = e Pek .
(1.41)
This limit statement was proved earlier by Donsker and Varadhan in [5] (see also [1] ). They used Feynman's [8] path integral formulation of the problem, leading to a study of the path measure
as T → ∞, where W T denotes the Wiener measure of closed paths of length T . (See also [31, 32] for the construction of the corresponding Pekar process [39] .) Lieb and Thomas used operator techniques to obtain Theorem 1.2. We shall sketch their proof in the following.
Sketch of proof. As already shown in (1.24) above, we have
for any K > 0. We shall choose K large, K ∼ α 6/5 . We use the IMS localization technique in order to localize the electron in a cube of side length L ∼ α −9/10 , with a localization error of the order L −2 ∼ α 9/5 : Let Ψ ∈ L 2 (R 3 ) ⊗ F be normalized, and let E = Ψ|H α |Ψ . Given δ > 0, we claim that there exists a ϕ ∈ L 2 (R 3 ), supported in some cube of side length L = π 2/δ, such that
To see this, simply choose ϕ(x) = 3 j=1 cos( δ/3x j ) and note that, with ϕ y (x) = ϕ(x − y),
hence there must exist a y ∈ R 3 such that the integrand on the left hand side is non-positive. Next, we approximate the term |k|<K dk |k| −1 a k e ik·x in (1.43) by a finite sum of the form j λ j a(ϕ j )e ik j ·x with the ϕ j orthonormal. In order to do this, we divide momentum space into small cubes {C j } of size ε > 0, and take k j to be the center of the cube C j . Moreover, ϕ j is proportional to the characteristic function of C j , with λ j ϕ j = C j dk |k| −1 . This introduces only a small relative error if Lε is small. We shall choose ε ∼ α 3/5 , thus Lε ∼ α −3/10 , and a simple estimate borrowing a fraction α −1/5 N from the field energy of the Hamiltonian shows that the error terms can be bounded by O(α 9/5 ).
This approximation reduces the problem to the study of only finitely many phonon modes. In fact, the number N of independent phonon modes is of the order N ∼ (K/ε) 3 ∼ α 9/5 . The effective Hamiltonian we are led to study is of the form
(1.46)
To obtain a lower bound on its ground state energy, one can use the method of upper symbols and coherent states. With | z for z ∈ C N the eigenstates of a(ϕ j ) corresponding to eigenvalues z j ∈ C, we have
and the additional −1 in the integrand leads to an error term for each of the N modes.
In total, we have
and for a lower bound we can take the infimum of the spectrum of the operator in parentheses and minimize the latter over z. This effectively leads to the classical Pekar problem.
Theorem 1.2 shows that the difference between the ground state energy of the Fröhlich Hamiltonian H α and its classical approximation α 2 e Pek is at most O(α 9/5 ). This is presumably far one optimal, it is expected that the true error is in fact O(1) for large α, as we shall explain next. This O(1) correction is due to quantum fluctuations of the field about its classical value.
Let us rewrite the Fröhlich Hamiltonian (1.12) in strong coupling units as
.
(1.51)
Since [ϕ(y), ϕ(y ′ )] = 0 for all y, y ′ ∈ R 3 , we can choose a representation of Fock space (called "Q-space" in [35] ) where all the ϕ(x) act as multiplication operators. In particular, we can think of
as a multiplication operator on Fock space. Note that κ(ϕ) + ϕ 2 = F Pek (ϕ) ≥ e Pek . Let H Pek denote the Hessian of this functional at a minimizer ϕ Pek , i.e., for ϕ close to ϕ Pek . Clearly H Pek ≥ 0 since we are expanding around the minimum, and also H Pek ≤ 1 since κ(ϕ) is concave in ϕ. The Hessian H Pek has three zero-modes resulting from the translation invariance of the problem, and it is in fact known that these are the only zero-modes [23] (see also [42] ). The expansion (1.53) suggest to approximate
The right hand side is simply a system of harmonic oscillators whose ground state energy can be calculated explicitly. Recalling the commutation relation [a k , a † l ] = α −2 δ(k − l), one finds e Pek + 1 2α 2 Tr √ H Pek − 1 . One is thus led to the following conjecture.
The correction term is simply the sum of the ground state energies of many harmonic oscillators (and contains a −3/(2α 2 ) from the zero modes). Note that it is negative, since H Pek ≤ 1. It is not difficult to see that 1 − H Pek is trace class, hence the trace is well defined and finite.
The prediction (1.55) is well-known in the physics literature, see [3, 4, 19, 40] . It is an open problem to verify it rigorously, however. In the recent work [13] , Conjecture 1.1 was proved for a simplified model where the polaron is confined to a finite region in space and translation invariance is broken. We shall explain this result in the next section.
Quantum Fluctuations for a Confined Polaron
In this section we shall explain the recent proof in [13] of the analogue of Conjecture 1.1 for a confined polaron. For Ω ⊂ R 3 a bounded domain, the Hamiltonian of this model is
acting on the Hilbert space L 2 (Ω) ⊗ F (L 2 (Ω)). Here ∆ Ω denotes the Laplacian on Ω with Dirichlet boundary conditions. We work directly in strong coupling units, i.e., the CCR are [a x , a † y ] = α −2 δ(x − y). Note that for Ω = R 3 , the operator (2.1) reduces to h α in (1.12) (except for a factor √ 4π in front of the interaction term). The classical approximation corresponding to (2.1) is the functional
for ψ ∈ H 1 0 (Ω) and ϕ, π ∈ L 2 R (Ω). The resulting Pekar energy functional obtained by minimizing over ϕ and π is thus
with corresponding Pekar energy
In the following, we need to assume that E Pek Ω has a unique minimizer ψ Pek Ω that is non-degenerate, in the sense that
for some K Ω > 0, for all ψ ∈ H 1 0 (Ω) with ψ 2 = 1, Given that this is known to hold for Ω = R 3 (in which case one also has to minimize over translates of the Pekar minimizer due to translation invariance), (2.5) is expected to hold for generic domains Ω. It can be proved if Ω is a ball, see [7] .
Under the assumption (2.5) (and some additional regularity assumptions on the boundary of Ω) the following holds. where F
Pek
With the aid of second order perturbation theory, one can obtain an explicit formula for H Pek Ω . With ϕ Pek Ω the unique minimizer of F Pek Ω , one has 1 2
Pek Ω | is the projection orthogonal to the corresponding ground state. Reordering the terms and using that V ϕ = −2(−∆ Ω ) −1/2 ϕ one can alternatively write this as
where ψ Pek Ω is understood as a multiplication operator. In particular, H Pek
Before giving the (sketch of the) proof of Theorem 2.1, we summarize the main ideas as follows.
• The electron can be considered to always be in the instantaneous ground state of a Schrödinger operator with potential generated by the (fluctuating) phonon field. This leads to a reduction of the problem to Fock space only. • Because the number of phonon modes is infinite, ϕ cannot be considered to be a function in L 2 (Ω), and it is, in particular, not close to ϕ Pek in L 2 ; in order to localize the field around its classical value, it is necessary to introduce an ultraviolet cutoff Λ. • The effect of an ultraviolet cutoff in the interaction can be quantified by using the commutator method of Lieb and Yamazaki [29] , as explained in the previous section.
• We apply, in fact, three commutators, and together with a Gross transformation we conclude that the cutoff effects the ground state energy at most O(Λ −5/2 ). • Due to the space confinement present on our model, an ultraviolet cutoff Λ effectively makes the number of phonon modes finite, in fact of the order |Ω|Λ 3 according to Weyl's law. Sketch of proof. Step 1. This first step is to estimate the classical Pekar functional close to its minimum. The following Lemma can be proved with the aid of perturbation theory.
Our assumption (2.5) can be shown to imply the absence of zero-modes of H Pek Ω , i.e., K < 1, hence the right hand side of (2.12) is positive for ε small enough.
We also need the following rougher global bound, which can be shown to follow from the coercivity assumption (2.5) on E Pek Ω .
Lemma 2.2. For some κ > 0.
for all ϕ ∈ L 2 R (Ω), Step 2. For the computation of the upper bound in (2.6), we pick a finite-dimensional projection Π with range containing ϕ Pek Ω , and choose a trial state that is non-trivial only in L 2 (Ω) ⊗F (ΠL 2 (Ω)), and equals the vacuum in F ((1 −Π)L 2 (Ω)). We use again the Q-space formulation mentioned in the previous section, where the Fock space is viewed as consisting of functions of ϕ. For ϕ ∈ ΠL 2 (Ω), the trial state has the form
where ε > 0 is a parameter that goes to zero as α → ∞, χ is a smooth and compactly supported cut-off function that equals one close to the origin, and ψ ϕ is the ground state of −∆ Ω + V ϕ (x). The projection Π will be chosen in order to converge strongly to 1 as α → 0. Step 3. A crucial step in the lower bound is to quantify the effect of an ultraviolet (UV) cutoff in the interaction term in the Fröhlich Hamiltonian. Recall the commutator method by Lieb and Yamazaki in (1.20) . On the whole space R 3 , it reads
and is applied with v x (k) = |k| −1 χ |k|>Λ e −ik·x . A simple Cauchy-Schwarz inequality shows that the commutator can be bounded by
The latter norm is of the order Λ −1/2 , and since both −∆ and N are order one (in the strong coupling units we work with here) in low energy states, this shows that the effect of an UV cutoff Λ on the ground state energy is at most O(Λ −1/2 ).
We generalize this idea by applying the commutator method three times, arriving at a triple Lieb-Yamazaki bound. Ignoring vector indices for simplicity, we effectively have
which can be bounded by (−∆) 3/2 √ N (−∆) −3/2 v x , with the latter norm now of the order Λ −5/2 . The operator (−∆) 3/2 √ N can be bounded in terms of h 2 0 , the square of the non-interacting Hamiltonian. The latter is not bounded in terms of h 2 α , however, and is in fact infinite in any state in the domain of h α . Hence we cannot apply such a bound directly.
What saves the day is the Gross transformation explained in Section 1.4 above. It is a unitary U with the property that (
with a constant of the order α −2 Λ −1 , which is negligible for our purpose. The conclusion from all this is that an UV cutoff Λ can be introduced in the interaction term, at an energy cost of at most O(Λ −5/2 ). 1 Hence, as long as Λ ≫ α 4/5 , we can work with
where e j and ϕ j are the eigenvalues and eigenfunctions of −∆ Ω , and N ∼ |Ω|Λ 3 according to Weyl's law [36] .
Step 4. We now proceed with a lower bound on the ground state energy of (2.18). Simply minimizing over the electronic part of the Hamiltonian gives
where λ = (λ 1 , . . . , λ N ) ∈ R N are the coefficients in the expansion ϕ = N j=1 λ j ϕ j .
The right hand side of (2.20) is a Schrödinger-type operator on L 2 (R N ). To obtain a lower bound on its ground state energy, we use IMS localization into a region A where (−∆ Ω ) −1/2 (ϕ − ϕ Pek Ω ) 2 < ε and a region B where (−∆ Ω ) −1/2 (ϕ − ϕ Pek Ω ) 2 > ε/2 for some ε > 0. The resulting localization error is of the order α −4 ε −2 , hence we need ε ≫ α −1 for it to be negligible.
In region A, we use the second inequality in (2.12) , which gives the lower bound
which is of the desired form if ε → 0 and N → ∞ as α → ∞.
In region B, we use the bound (2.13) instead, which implies
Pek Ω (2.22) in this region for any η > 0. We choose η small enough (but independently of α) such that the operator whose expectation value is taken on the right hand side of (2.22) is positive. This gives the lower bound
The latter trace is of the order N 2/3 ∼ Λ 2 . Hence, as long as we choose Λ 2 α −2 ≤ const. ε 2 for a small enough constant, (2.23) is larger than e Pek Ω . In particular, we need Λ ≪ α, which is compatible with the requirement Λ ≫ α 4/5 from above.
After optimizing over the choice of Λ and ε, we reach the conclusion inf spec h α,Ω ≥ e Pek Ω + 
Effective Mass
We now return to the full-space Fröhlich Hamiltonian for an unconfined electron on R 3 , given (in the original, unscaled variables) by
This Hamiltonian is translation invariant, i.e., it commutes with the (three components of the) total momentum operator
which follows easily from
3)
Hence there is a fiber-integral decomposition
In fact, the fiber operators H P α are isomorphic to [22] H
acting on F only. In following, we shall investigate the joint energy-momentum spectrum.
Let E α (P ) = inf spec H P α , and let us first consider the non-interacting case α = 0. The operator H P 0 has a single eigenvalue P 2 with the vacuum the corresponding eigenfunction, and a continuous spectrum in [1, ∞) . In particular E 0 (P ) = P 2 for |P | ≤ 1 1 for |P | ≥ 1 (3.6) and E 0 (P ) is an eigenvalue if and only if |P | ≤ 1. This picture turns out to be qualitatively the same for α > 0 [30] (see also [6] ). We have inf spec H α = E α (0), i.e., E α (P ) is minimal at P = 0. The continuous spectrum of H P α starts at E α (0) + 1, and E α (P ) is a simple eigenvalue if E α (P ) < E α (0) + 1, which is true for |P | small enough.
The effective mass m of the polaron is defined by
that is,
Clearly E α (P ) ≤ E α (0) + P 2 , hence m ≥ 1/2 (and the inequality is actually strict for α > 0). Alternatively, one can define the effective mass m via the ground state energy of H α + V (x) for a slowly varying external potential V of the form V (x) = λ 2 W (λx), by comparing with the ground state energy of the corresponding Schrödinger operator −∆/m + V (x) as λ → 0 [26] .
A simple argument based on the Pekar approximation [21] suggests that m ∼ α 4 as α → ∞. To see this, one envisions a slowly moving polaron of the form ψ(x, t) = ψ Pek (x − vt), ϕ(x, t) = ϕ Pek (x − vt), where ψ Pek minimizes the Pekar functional E Pek in (1.17) and ϕ Pek denotes the corresponding Pekar field ϕ Pek = π −3/2 |ψ Pek | 2 * |x| −2 (and we work in strong coupling units for simplicity). One of the classical equations of motion is ∂ t ϕ = α −2 π, hence the motion requires the additional field energy π 2 = α 4 (∂ t ϕ) 2 = α 4 (v · ∇ϕ Pek ) 2 . Identifying this energy with (m/2)v 2 , one arrives at the
The best rigorous result so far is For its proof, we need an upper bound on the difference E α (P ) − E α (0). This will be achieved with a suitable trial state for H P α , which is constructed with the aid of the ground state Φ 0 of H P =0 α .
The motivation for the specific choice of the trial state is as follows. As α → ∞, the ground state energy of the Fröhlich Hamiltonian is to leading order captured by the Pekar product ansatz ψ ⊗ Φ, where Φ is a coherent state in F , i.e., is proportional to e a † (ϕ) |0 for some ϕ ∈ L 2 (R 3 ) and |0 the vacuum state. Decomposing the Pekar ansatz state into fibers suggests for the fiber ground states Φ P
where the subscript α on ψ per and ϕ Per indicates rescaling to the original variables, i.e.,ψ Per α (p) = α −3/2ψPer (α −1 p) and ϕ Per α (p) = α −1/2 ϕ Per (α −1 p). The idea is now to use this as a trial state for H P α , with Φ 0 the actual ground state of H 0 α .
with Φ 0 the ground state of H P =0 α . By rotation invariance, we have
where t is short for t(α −1 P f ). In particular,
We claim that the right hand side of (3.16) goes to zero as α → ∞ if t is chosen as in (3.12) . This claim is an immediate consequence of the following Lemma. dk dp ϕ Pek (k)ξ(k)ψ Pek * (p + k)g(p + k)ψ Pek (p)g(p) (3.19) where ξ α (p) = α −3/2 ξ(α −1 p).
To prove this Lemma, one follows the Lieb-Thomas proof in [28] for a perturbed Hamiltonian of the form for | λ| small enough. Differentiating this identify with respect to λ at λ = 0 gives the desired identities. It is in fact sufficient to prove a lower bound in (3.21) , and for that purpose one can re-introduce the electron coordinate and proceed similarly as in [28] . From Lemma 3.1 we conclude that lim α→∞ 4 3α Φ 0 |P f · t(α −1 P f )|Φ 0 = 4 3 R 3 dp |ψ Pek (p)| 2 p · t(p) as claimed.
Conclusion and Open Problems
In the previous two sections, we explained the quantum corrections to the (classical) Pekar asymptotics of the ground state energy of a confined polaron, and showed that the polaron's effective mass diverges in the strong coupling limit. Many open problems remain, in particular Conjecture 1.1 concerning the second term in the ground state energy of an unconfined polaron in the strong coupling limit, and Conjecture 3.1 concerning the asymptotics of the effective mass.
We note that the Pekar approximation can also be applied in the dynamical setting. Viewing (1.15) as a Hamiltonian system, the corresponding Landau-Pekar equations are expected to approximate the dynamics generated by the Fröhlich Hamiltonian (1.12) for suitable initial states. For partial results in this direction, we refer to [9, 10, 12, 16, 24] .
Finally, we want to mention that the study of polaronic interactions for many particle systems leads to interesting problems concerning the existence of bound states due to the effective attraction via the polarization field, and the resulting question of stability of the system for large particle number. We refer to [11] for an overview of recent work in this direction.
